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1. Introduction 

The complexity of problems in economics, engineering, environmental sciences and 
social sciences which cannot be solved by the well known methods of classical 
Mathematics pose a great difficulty in today’s practical world (as various types of 
uncertainties are presented in these problems) . To handle situation like these, many tools 
have been suggested. Some of them are probability theory, fuzzy set theory [18], rough 
set theory [11], etc. 

The traditional fuzzy set is characterized by the membership value or the grade 
of membership value. Sometimes it may be very difficult to assign the membership value 
for fuzzy sets. Interval-valued fuzzy sets were proposed as a natural extension of fuzzy 
sets and the interval valued fuzzy sets were proposed independently by Zadeh [19] to 
ascertain the uncertainty of grade of membership value. In current scenario of practical 
problems in expert systems, belief system, information fusion and so on, we must 
consider the truth membership as well as the falsity-membership for proper description of 
an object in imprecise and doubtful environment. Neither the fuzzy sets nor the interval 
valued fuzzy sets is appropriate for such a situation. 

Intuitionistic fuzzy set initiated by Atanassov [3] is appropriate for such a 
situation. The intuitionistic fuzzy sets can only handle the incomplete information 
considering both the truth membership (or simply membership) and falsity-membership 
(or non membership) values. It does not handle the indeterminate and inconsistent 
information which exist in belief system. The soft set theory, an utterly new theory for 
modeling ambiguity and uncertainties was first coined by Molodstov [9] in the year 1999. 
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Soft set theory research is carried out as a new trend and it shows much appreciable 
development well received by the users of the field. 

Fuzzy matrices play crucial role in Science and Technology. Sometimes the 
issues cannot be solved by classical matrix theory when they occur in an uncertain 
environment and this failure is inevitable. Thomason [14] initiated the fuzzy matrices to 
represent fuzzy relation in a system based on fuzzy set theory and discussed about the 
convergence of power of fuzzy matrix. In 1995, Smarandache introduced the concept of 
neutrosophy. In neutrosophic logic, each proposition is approximated to have the 
percentage of truth in a subset T, the percentage of indeterminancy in a subset I and the 
percentage of falsity in a subset F, so that this neutrosophic logic is called an extension 
of fuzzy logic. In fact this mathematical tool is used to handle problems like imprecision, 
indeterminancy and inconsistency of data etc. 

Maji et al. [5], initiated the concept of fuzzy soft set with some properties 
regarding fuzzy soft union, intersection, complement of fuzzy soft set. Moreover Maji et 
al. [6,10] extended soft sets to intuitionistic fuzzy soft sets and neutrosophic soft sets and 
the concept of neutrosophic set was introduced by Smarandache [12] which is a 
generalization of fuzzy logic and several related systems. 

Yang and Ji [17], introduced a matrix representation of fuzzy soft set and applied 

it in decision making problems. Bora et al. [8] introduced the intuitionistic fuzzy soft 
matrices and applied in the application of a Medical diagnosis. 
Sumathi and Arokiarani [13] introduced new operation on fuzzy neutrosophic soft 
matrices. Dhar et al. [7] have also defined neutrosophic fuzzy matrices and studied 
square neutrosophic fuzzy matrices. Uma et al. [15,16], introduced two types of fuzzy 
neutrosophic soft matrices and have discussed determinant and adjoint of fuzzy 
neutrosophic soft matrices. Kim et al. [4], introduced the concept of determinant theory 
for fuzzy matrices. 

In this paper, some elementary properties of determinant theory for fuzzy 
neutrosophic soft square matrices have been established and some theorems including 
det( A(adjA)) = det(A) = det(adj(A)A). where det(A) denotes the determinant of A 


and adj(A) denotes the adjoint matrix of A. 


2. Preliminaries 
Definition 2.1. [12] A neutrosophic set A on the universe of discourse X is defined as 


A={(x,T, (x), 1, (0), F,(x)), x€ x}, 


where T,J,F : X > J] 0,1°[ and 0 <T,(x) +1, (4) + F,(x) $3” (1) 

From philosophical point of view the neutrosophic set takes the value from real standard 
or non-standard subsets of | 0,1°[ . But in real life application especially in scientific 
and Engineering problems it is difficult to use neutrosophic set with value from real 
standard or non-standard subset of | 0,1°[ . Hence we consider the neutrosophic set 


which takes the value from the subset of [0,1] .Therefore we can rewrite the equation (1) 
as OST, (x)+1,(x)+ F, (x) $3. 
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In short an element a in the neutrosophic set A, can be written as 
a=(a',a',a"),where a’ denotes degree of truth, a’ denotes degree of indeterminacy, 


a’ denotes degree of falsity such that 0< a’ +a‘ +a" <3. 


Example 2.2. Assume that the universe of discourse X ={x,,x,,x,}, where x,,x,, and 
x, characterizes the quality, reliability, and the price of the objects. It may be further 


assumed that the values of {x,,x,,x,} are in [0,1] and they are obtained from some 


investigations of some experts. The experts may impose their opinion in three 
components viz; the degree of goodness, the degree of indeterminacy and the degree of 
poorness to explain the characteristics of the objects. Suppose A is a Neutrosophic Set 


(NS) of X, such that A={(x,,0.4,0.5,0.3),(x,,0.7,0.2,0.4),(x;,0.8,0.3,0.4)}, 
where for x, the degree of goodness of quality is 0.4 , degree of indeterminacy of quality 
is 0.5 and degree of falsity of quality is 0.3, etc. 


Definition 2.3. [9] Let U be an initial universe set and FE be a set of parameters. Let P(U) 
denotes the power set of U. Consider a nonempty set A, AC E. A pair (F,A) is called a 
soft set over U, where F is a mapping given by F:A— P(U). 


Definition 2.4. [1] Let Ube an initial universe set and E be a set of parameters. 
Consider a non empty set A, AC E.. Let P(U) denotes the set of all fuzzy neutrosophic 


sets of U. The collection (F',A) is termed to be the Fuzzy Neutrosophic Soft Set 
(FNSS) over U, Where F is a mapping given by F: A— P(U). Hereafter we simply 
consider A as FNSS over U instead of (F, A). 


Definition 2.5. [2] Let U ={c,,c,,...c,,} be the universal set and E be the set of 
parameters given by FE = {e,,¢,,..e,} .Let ACE .A pair (FA) bea FNSS over U. 
Then the subset of U XE is defined by R, ={(u,e);e€ A,ue F,(e)} which is called 
a relation form of (F’,,E). The membership function, indeterminacy membership 
function and non membership function are written by T, :UxE [0,1], 
I ; :UxXE —-[0,1] and FR :UXxE —-[0,1] where TR, (u,e)e [0,1], Jp (U,ee [0,1] 


and F, (u,e)e[0,1] are the membership value, indeterminacy value and non 


R 


membership value respectively of ue U foreachee E. 
If (7;,.1;,.F, I=; 4.e;). 2 (u;,e)), Fj (ui; )] we define a matrix 


I 
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0 ies Frey at) (Tat Fin) a Diavtins And 

Tyistoe Fa) (Ty 1 >F a9) san e barce Uae ety) 
[Ey Ly Fy) |, = 

Tas Las Fy) < Sate Toss Fy) aod (ie Des Ee) 


This is called an mXn FNSM of the FNSS (Fa, E) over U. 


Definition 2.6. [15] Let U ={c,,c,...c,,} be the universal set and E be the set of 
parameters given by E [eee fs Let ACE. A pair (F,A) be a fuzzy 
neutrosophic soft set. Then fuzzy neutrosophic soft set (F,A) in a matrix form as 
Ajnxn = (Ais Vien or A= (a,),1 =1,2,...m, j =1,2,...n where 
a ee 

aus j 
where T'(c,) represent the membership of c,,/,(c,) represent the indeterminacy of c; 
and F,(c,) represent the non-membership of c; inthe FNSS_— (F’, A). If we replace the 
identity element (0,0,1) by (0,1,1) in the above form we get FNSM of type-II. 
Let F,,, denotes FNSM of order mxXn and F, denotes FNSM of order nXn. 


mxn 


Definition 2.7. [15] [Type-I] 
Let A=((a; a. a; )),B = ((b; bj .b; ))€ F 


Goi? i mxn 


the component wise addition and 


component wise multiplication is defined as 

LA@®B= (sup{ai bj}, sup{a},bi}, inf {aj bi }). 
ps T pT, ; T yl F UF 

2.A© B= (inf {a; .b;}, infla;,b;}, supta; 0; }). 


ij? 


Definition 2.8. [15] Let Ac F.. ,Be F 


mxn? nxXp? 


AoB -(Eea Abi), Ya, AbG) [ [ax vet) 
k=l k=1 k=1 
equivalently we can write the same as 


‘ T T I I . F F 
= (w(a: Ab), Vid, ADg), A (Gi vb!) 


the composition of A and B is defined as 


The product Ao B is defined if and only if the number of columns of A is same as 
the number of rows of B. A and B are said to be conformable for multiplication. We 
shall use AB instead of Ao B. 


Definition 2.9.[15][Type-II] Let A=((a),a),a")),B=((b) BI BF Y)E Fyn, the 


component wise addition and component wise multiplication is defined as 
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A®B= ((sup{a; ay 5 br}, inf {a ais, bi}, inf {a; bf })). 


AQ B= (inf {a; .b;}, supla;,,b;}, sup{a; .b; })). 
Analogous to FNSM of type-I, we can define FNSM of type -II in the following way 


Definition 2.10. [15] Let A= (a; d;,.d, = (4) © Frc, and 


mxn 


B=((b',b! b;)) =(b,)€ F,,., the product of A and B is defined as 


yu? 
n n 
iP T I I F F 
A«B= [St ner), TT lai vei), T [lak vag } 
k=l k=l k=1 
equivalently we can write the same as 


= [ (aj, ABy)> A ; A (aj, ABis)» A(a vei) 


The product A*B is defined if and only if the number of columns of A is same as the 
number of rows of B. A and B are said to be conformable for multiplication. 


Definition 2.11. [16] The determinant |A| of nxn FNSM A=((a) 


as follows 


4,0, )) is defined 


|A| = . v Aga) A~ ADrgtn? - gq N~ A Fagin? A gq) V~ MES) 


where 5. denotes the agintietie group of all permutations of the indices (1, 2,...1). 


Definition 2.12. [16] The adjoint of an nxn FNSM A denoted by adj A, is defined as 
follows b, = [A is the determinant of the (n—1)x(n—1) FNSM formed by deleting 


row j andcolumn i from A and B=adjA. 


Remark 2.13. We can write the element b, of adjA = B =(b,,) as follows: 


ES, , ten; 


all se aelaialisn of set n, over the set n, . 


3. Properties of the fuzzy neutrosophic soft square matrices (FNSSM) 
1. The value of the determinant remains unchanged when any two rows or columns are 
interchanged. 
2. The values of the determinant of FNSSM remain unchanged when rows and columns 
are interchanged. 
3. If A and B be two FNSSMs then the following property will hold 

det(AB) # detA detB. 


4. If the elements of any row (or column) of a determinant are added to the corresponding 
elements of another row (or column), the value of the determinant thus obtained is equal 
to the value of the original determinant. 
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Theorem 3.1. Let A= (a; ,q;,,a;)€ FNSSM,. 


ij? 
Let Ay =((Gjyi4> 1) 9 (Qjns Bpn> Bin) s+» (Aig Bin @;,)) be the k-th row of A. We 
assume that a, = (Gat) for all (€1,2,...,n and a,, 2a, for all p,qeé1,2,...,n. 


Then det(A)=4a,. 

Theorem 3.2. Let Ac FNSSM , then 

(i) det(A) =|A|= > (al ,a!,a")A,,i¢ {12 nh 
t=1 

fi) de(aya5e| Mote Gd ively) 


e<f (Gilly O,.) kay a, id) 


taken over all e and f in {1,2,....n} such that e< f. 


1 2 
4| } where the summation is 
e 


T I 
i Ay 


Definition 3.3. Let A=(a a), € FNSSM,, and let B be a matrix from A by 


striking out @,, rowé,,..., row e, and column g,, column g,,..., column g,. we define 


Ce Rey ee) 
4[ Jere. 


8) 82 8h 
Theorem 3.4. 
(A, 21,4) 854 &,) AA Bes 8p &) 
(3 845438514; 8) D5 By 005 Bus Be 
det(A)= > det 
81 <82<--<8 x 
(A, 814, 81,4 8) kd, RGB ed 8) 


| ne ey 
4[ where the summation is taken over all 2,,g,,...,2, € {1,2,...n}, 
§i 82 +8x 


such that g, < g, <...< g;. 
Proof: Let S(g,, 85,...2,) ={0: {1,2,...,k} > (2), 255-52, } © is a bijection}. Then 


T I F: T I F 
det(A) = > (Diseays Heats Mati) \Gnatins Gated Ano oo? 


OES, 


- T I F T I F 
= e (Qin a KES (81.85 0-8 Mey» Ue» Ae )+<@no(n)? Inn)? Ineny) 
81 <89 << 8p 
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= T I F T I F 
= = One seat eS (errtamnts M4 wy? Uto'ay? Gea? SFro' cay? Gg )) 


no (n)? no’ (n) 
81 <8<-< 8h 


A) Doe , ss St oo 


§\ §2 wt, &k 81 <8 << By 


(4848481) G8r48 4B) ~ A844 8) 
(Lr4E-48) (G8 L8r&) » E848 &) {} 2. : 


(4.854.854, 81) (GSB. 8>Q, >) (ASG Sir Se) 


Hence the pooof. 


Lemma 3.5. 
5 re ees (b",b',b") 


be a FNSSM. 
LO ee) ae’ 


T I F wi I F ‘i vi F Tr. T F 
Then tu Geka ee ; a 6 ,¢ ) {ddd : 


(a’,a',a") (b’,b’,b*) ear: Mae) 
(assay 4B DD) Me see. a dd") 
(a 300°) Xb gb .B )-\\ Me ye se) ad sd?) 


Proof: 


< det(A) 


T I F T pl F BoD T I F 
je) seca eed ua a) Ob } ia clef) (d?,d',d : 


(a’,a',a’) (b’ ,b',b") (c’,c’,c*) (d',d',d") 
alt aa Ob oe oe Me dd") 

<(a’,a',a")\(d" ,d',d")+(b" ,b',b* ic" ,c',c") 

= det(A). 


Notation: Let Ac FNSSM ,, .Let A(e => f) be the matrix obtained from A by replacing 
row f of A by row e of A. 


Theorem 3.6. Let Ac FNSSM_,. Then 
(i)det(A(2 => 1))det(A(I > 2)) € det(A). 
(ii)det(A(2 => 1))det(A(3 => 2)) S$ det(A). 
(iii)det(A(g => p)))det(A(p => k)) S det(A). 
Proof: To prove 
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(i)det(A(2 => 1))det(Ad => 2)) 
1 2 
A + 


A 5 
n-l n 


A Peck 
e<f © ig 
A 
n-l n 


0 7)5 


2 Vaid 2 
A A (by Lemma 3.5) 
Eaner 


e 


We now introduce symbols 7,,.7,, 4| 
& 
T I F T vi F 
(Ay.51..) (Ay pA pp) 


, J. Define 
h 
asf: 

wd = : 

: | (G53 is -) (ais 0365p) 

es é '] 

Ji = J Sl : 

: a. ; f 2 : f 


1 2 1 2 
A A 
e f gi h 
Caf 
J, = > J and J = J,+J,. Then we see that 
eparn eof 
1 Dara tt Ky ys Oe) 1 2 
IT 12 = T I F i I F A 1 2 ?. 
(Gp15454,4y,) (Ay954g7, Ag) 


J, =det(A) by Theorem 3.2(ii) and 
det(A(2 >))det(AU > 2))S J =I,+ I, =det(A)+ J,. 


Ty de oh T 1 OF 
(Aer Uer Qed? (Apres Ap? 


T 1 F T 1 OF 
(GiGi) (Ain nip) T 1 OF T 1 OF 
(AierUer Qe) (Apr Apr Ap? 


T I F T I F > 
(Qy1 541,444) COPOPEL CPD) — 


i 
A tit 
ef 


T I E T I F iE I F T I F 
(int Units Unt) (ins Qinr Un) (51,454, 45,) (595A 4 Ap) 


T 1  F T 1 oF 
(Gy15454,49,) (Az954p95 yy) 


T I F T I F 
(Qt > Qi, > Q,- ) (GQ, > a, > a, ) 


lL. 2 
Ah 
1 2 


T I F T I F 
(Ay¢545.5A3,) (Gp p> 4n5+Oy¢) 


T I F T vi F 
(Gis Giese) (ips psp) 


T I F T |  F 
(Qn 1>Fn1>4on1) (Arn> oq 45q) 


T I F T I F 
(Qt > Ay, > a>, 4) (43, > ay, > a>, ) 


Cy eee (3p 4 45y,3),) 


(4; 705 30,) (diy 6 sly) 


_ (Gi edith) “AGG, p20 5) 


e<f CL (Gish psy e) 


1 2 
g ih 
<> (asi Gy.)- 4d gsG gs ,) 


Pt oF toe iF 
caf (Fag sage) (Arn> 4o494>,) 
g<h 
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We show that 7, <det(A). 
There are two cases to be considered. 


1 2 
Case 1. We consider a = af; ;) , aterm of J). 


1 2 1 2 
Let a, (as ad, as analy sl aae ; and 


1 2 1 2 
TT a Ce et mn 
Ay = ((Ajg, 175 Qyy (Ay1 5 Ap1, 51) k ; F 5 


oleae Cee 
3h" et(A), 


al eeteds 
As ais 


Then a=a,+4a,, 


aii) < Oqasha 0i,) 
oe 


(G35 ps5) -KOogs yy Gs) 
(QisQisGqy <@usQijs@y) 


2 T JI F T I F 
(4545515451) (yp 55959) 


ag! TEN 
an pe & lee : 


1 2 
Case 2. We take 7 ) 
n-l n 


I. 2 he 2 
Let b, = (a),,4)1.4),)(4;,,45,54,,) A A and 
Li 2 n=l on 


1 2 1 2 
b, = (ap, as hy) ines By , a5,,-1) A A . 
1 2 n-l n 


1 
Then 7 
n 


2 
ea +b,. To show that b, <det(A) and b, =det(A), we 
n 


1 2 1 2 
observe all coordinates of the elements aj; involved in A, and Af 1 } 
n-l n 


The coordinates of the elements dij; involved in these determinants are all coordinates of 
the elements of the k-th row A, of A, for k23. Therefore, if we let 
D=Ay,, gn Agson_perApn_p» then we see that 

b, S (a), 4),>4,)445,,545,.45,))¢ S det(A). For by, let C= 5,Qyq9Asp3++-Ay13on1> 
then we see that b,< (aj, GG Gy SO, ng NC <det(A). For any 


e 
TI 4 ,we apply either the case 1 or the case 2 and we can deduce that 
8 (e,f)#(g,h) 
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e f 
al < det(A). 
8 Pe pean 


Thus (i) holds. 
(ii). First we consider 


T I F T I F 
PAELLA, (Digs Big.Din) 
i he T F ia I F 
(31,431,431) ( Qiy Oy gy) 
Ts T F T I F 
(Dai Bais 0) (D2 iaD sy) 
T T F iE T F 
ies) (3339p) 

We introduce a symbol 
T I F iT I F 
«(§ a Mab jth, st, Alby siya) 
7 Te OT F T I F 
é f (3,543,543, ) (yp 103 683 6) 
Then we can see that 
det(A(2 => 1))det(A(3 => 2)) 
T F Ee F 
=> (Aes ies.) GQiGitp 


T VI F T I F 
anf (Gays GesGs,) (43 ps ¢ Asp) 
g<h 


Ga 


< x (a5 305.) Cs Ooisten) 


g<h (a, te sa.) CARRE 
e<f 
h 
-yal’ ) 
g<h e Fe 
e<f 


h h 
- > «(§ }: 3 «(§ } 
(g.W=(e.f) oF) wmey er 


h 
Next we prove that K [é ) < det(A). 
e 
(g h#(e,f) 


ee (OE Dib) 
(Oi 5Ds DY MDiysDigsDya) 


< 


ale 2) 
Ci 
oe 7] 


T 
(Gy 358550, (Bis) 


(a, 50 3) (G10) 


For this we consider two cases. 


1 2 
Case 1. We take «( 3) We see that 


1 2 oor 
«( 5) latte re anal) Ha al af Kavala) AL a 
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Di 3 22 
= ahnahnatratabva yal? d|a(T 3 }abalrabratualy afr 


1 2 3 
2 3 2 3 
A 
1 2 1 3 
(Gps) (33,033,433) (a5 )4t st) (Get) 


< + 

(43431,43,)  (3344334433)| (1 3) Kay.a3.a3:) (ay,4,45))| LI 2 
< det(A)+det(A) 
=det(A). 


Case 2. We consider 


n-l n 2 3 2 3 
("Tt betel natenairehaairatralt al 2. 2s 


2-3 a) 
(bys, hays Gi) A : 
1 2 n-l n 


23 2 iD 
Considering the coordinates of the elements a,, involved in 4| Jal } we 


1 2 n-l n 
claim that 
2 3 2 3 
(Cas pis Aap Oop) (Gaps spay) A A < det(A) 
1 2 n-l n 
and 
2 3 2 3 
(C4 ays Boy F512 515g) A A < det(A). 
1 2 n-l n 


Similarly we can prove (iii). 
Theorem 3.7. Let A=(4;,.4;,,4; ),+B=(b; Di si, Jn» (Ci soi Jn © FNSSM ,. Then 
1 If (at,a\,at)>(a,,ai,,a;,)(k=1,2,...,.n) for all 1<i<n, then 


det( A) =a) 5Gs45 Gs Asis Gays og AG, 5,5) 
A C 
2. det & |) det(A)det(B) where O = ((0,0,1)),, € FNSSM,, 


3. det(AA’ ) > det(A). 
4. If (a; ,a;,,a;,) =(b; bi 


ij? ij > 05) for all i, j, then det(A) = det(B). 
Proof: 


1. We have 
Ro ok PGP. oR ee ae T I F 
(15 Ay, {Ay 5 Ay 5 yy )--KAin > Gan» Gin) = § Aig 1)» 426(2)? Inainy) for every OE S,, 


“SG. sd.) = G50. 304 (k= 12,048) forall 1275 7, 


1 PP 


since (a 


95 


R.Uma, P. Murugadas and S. Sriram 


T I F T I F T I F 
Hence det(A) = Ss (Qecy> Hey» Hey 422612)? 22012)» Mo(2))4Fno ny? Uno(ny> Enon)? 


oS, 


a eee een, 


a ries eed 
2. Let O =(« jo “ip? hope 


A C ; 
ca 7 >» CECE lo(1)? dices A, DATO. Eo Os os0 


OES), 


Ce lo(1)? hee CaP 2no(2n)? Dotan) + 


0€S>, ,0(i)Sn(if isn) 


I F I F 
ys em > digi) > digay) CC Han > dong (2n) > dong(2n) 


OES), -Ak>n,if O(k)Sn 


Ce lo(1)? ie Kees 2no(2n)? Oe 


O€S5, .6(i)Sn(ifisn) 


- = iain, lol)? ie naa tasty non)? ign det(B) 


oes, 


B( cassdl, Io(1)? ds dips, no(n)? dics )det(B) 


oS, 
=det(A)det(B). 
3. Let AAT =((8;,,85+8% ns Where (g7,8),8;) = Diag ins in Key oy Ay) 
We have, forevery € S,, 


CR isere ei ee ee eee 
SOG 64a, aa oa a.) 
k=l k=l 


T I F T I F 
7 (Gea? Mew)? tea DAG pts ance 2st? 
T T I F T I F TF I F 
Hence det(AA ) = ete ip BiB ons Soo» tao Pe Zins Ean? g.) 


T I F T I F 
Z S. (Aiea »Agiy> Bgay)-A Anon) >Qre(n)? Bsn) 


ocS,, 


= det(A). 


Theorem 3.8. Let A =(a,,) be a FNSSM. Then we have the following 
det(Aadj(A)) = det(A) = det(adj(A) A). 

Proof: We prove that det(Aadj(A)) = det(A). 

We first consider n=2. 
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T 1 OF (eS ee 2 
(i424) (Apia Qn) 
Let A= ; 
ae, a a.) (ay. at ai.) 
212 47> 22» 499» A9 
Then we see that 


T 1 OF PP) OP 
di(A) = (4y75Ay44y7) (y754)754)) 
adj(A) = T | OF T oT Fy | 
(A) 5y1545,) (yyy) 
ae A 2 es a) a 2 
: _ det(A) (i151 51 MAy2> p62) 
det(Aadj(A)) = Yogi epee Ge oP 
(31551545, ){Az 55955) det(A) 
= det(A) + (ai), 541 X19, ns Qi) (Ay, 55), @3, {Ay Ay Ay) 
< det(A). 


Next consider n > 2. We can see that 
T I F T I F T I F 
Sa aed, DA, Sal. a),.ay )As, sis Said: Aa 
T I F T I F T I F 
CAR ey dA, Y GeGe Ay, dA, ea ae Ay 


Aadj(A) = 

Vidi, .a5,)A, Si (ai ai, .01 Ay, 3 Pe, Sia ddA, 
=(SXai.4;,4;)A,); 
det(Aadj(A)) = ° (aj...) Any OM, 655 Aga Mad! a AL), )e 


eS, 
Clearly any diagonal entry of the matrix Aadj(A) is equal to det(A). 


We prove the result in the following way. 
(1) Let us define 


T= ez (ai aj, . a PAs Nos (a5, : as, ; a PAgiaye Jn ar, . oe f al Aria: ), 
for we S,. Let e be the identity of the group S,. If 7 =e, then T, =det(A). Suppose 
that there exists k € {1,2,...,n} such that 7(k) =k. Then we see that 
Tiahayal Aga» =ThararahA, 
=det(A) and 
Tg = OA ys Be YA gay CY (Gy Oy 5 Ag (ayy) et (A). (Gis Bins Tey Agen) 
< det(A). 
(2) Let 2 be a permutation in S,. Assume that 7(k) #k for all k € {1, 2,...n}. 
We know that every permutation 7 can be written as a product of disjoint cycles 7, and 
let 7=7,7,...7,. We further assume that Z, =(1 2), a transposition. 
Then J, has two factors, OM Cie Ara) and 


os (G50), :@5, )A,(2):)> and from these we see that 
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(Sat al at Ag > (a .as,,a Aga) = CV (at.al ary A, (2Aal,,a),,ak)A,,) 


=det(A(2 => 1))det(A( => 2)) 

< det(A) (by theorem3. 2(i)) 

(3) If 7=7,7,...7, and 7,(s,t), then we can prove that 7, <det(A) by an argument 
used in(2). Consider 7, for 7=7,7,...7,. If 

1, =(k,e, f,...), then we see that 


T 1 OF T 1 OF 
I, = O Gide: ay VA aes ey Ay Angin) 


= (Y(ai. aj.,4;,)A,, DAa",a!ar)A,).. = det(A(e > k))det(A(f => e))... 
From Theorem 3.6(iii), we obtain that det(A(e = k))det(A(f = e)) <det(A) and 
consequently that 7, <det(A). This proves that det(Aadj(A)) = det(A). Similarly, 
we can prove that det(adj(A)A) = det(A). Hence the proof. 


Theorem 3.9. Let A, Be FNSSM,. Then 

(1) det(AB) = det(A)det(B). 

(2) det(AB) < det(A+ B), 

where A+ B= (sup{a;, .b; },sup{a;,.b;},inf {a; .b7 }) 
Proof. 


det(AB) = det(()) a, Aby. >) 4% ADG» | Lax Vv 25) 
k=l k=l 


k=l 


n n n 
T 7 I I F F 
= » {> a, Bega) ? >. ay, Drea) > [Te Vv Drecy )] ae 
k=l k=l k=l 


oS, 


n n n 
T T 1 1 F F 
[> ay Drain) , >» an S Dron) , I] Gin V been | } 
k=l kal kal 


iad T T T T T 1g 
= Ge Ge AG eRe WO oat Dicey AO, cos) 
OES, ky yky...ky 


T T I li T ve 

Cy Nay AG WO iN Decne) 

ky sky ky 

F F F F F F 

[] (i, Mv Ay, ad Ang, Pas. vi Vi me Dd, ,,,) 

kiky wk, 
vy T F Yk I F 

2 >» (ay, Aig > Ay, de Ann, ng» Unk, 

{hy sky ok, JeS, 
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> (bj, ko(l)? Bi iss nen Mb k,o(n)? De ass Ein) = 
CEs 
CD AG Gis AG 3G pode) 2B) 
(ky sk ky JES, 
= det(A)det(B) 
(2) We know that det(AB) = det), Gy, AD» 4 AVG] Lan +25) 
= k=1 k=l 


= = [Srar a, Daa , Yai a, A Died ’ ai a, V Disdyts 


oeS, k=l 


¥(a’, A Dj eta) Yan Abisis)s [Tos v bi. ko(n) )] 
k=1 
= > ( ] (a, Vv Beak ] (ai, Vv bins) é (al, AD a): a9 


o€eS, t&<s,t<n tSs,tsn tSs,tsn 
~ F 
( | (a). Vive) ( ] (aj, Vv Biri )s é (ar. AD ia) 
tSs,tSn tSs,tsn tSs,tsn 
bf 
= > Cn Vv Diss) A (Geis Vv b a) A (Gat * Disa) 
ES, 


XN 


T T I I 
. | (Gives Vv Dirty) A (Groin) Vb Ho) A Cae Ab i) 


=det((al. Bi i) 0 053,94) 
=det(A+B) 


Corollary 3.10. Let A be a FNSSM, A, = (a;,)€ FNSSM , (r=1, 2, 3,...,.m}. Then 


(1) det(A,)det(A,)...det(A,,) < det(>" A,) where A, = ("a"), € FNSSM,,. 


r=1 r=1 r=1 


(2) det(A) = det(A), where A= (a,), € FNSSM,, and re N. 


Example 3.11. Consider the 4x4 matrix 
( T I | ( T I 7) ( T I a) ( T I = 
Ay, >A, yy» A195 Ay Ay354)35443 A444, 44 
T 2b OF Too) F T 1 OF Tosh oF 
(p42 Q4245,)  (Ay9,8y94Q59) (gg, 34g3)  (Ayy, Oy, By) 
( £ I ) ( T I r) ( T I oy ( T I a 
43)» 43),43, A39 » Az» Az9 33,335 433 O34» A345 O54 
T 1 OF T 1 OF Tio PSE D210 3B 
(Gs GaGa) SQaysGaysGys) Gigs @iasGi,) NOs is Oy) 
We find the determinant of the above matrix in the following method 
T 1 OF T 1 OF T 1 OF POTS WSF 
es (QQ) (Ajn5 G59) (3351335433) (O34 A344) 


PAT ook ae ae PSE oP Pitas e 
(515494543) (Ay95y95A59)|,- C4343» 443) (Ag4s Waa» Gay) 


99 


R.Uma, P. Murugadas and S. Sriram 
T I OF T oI OF 
(iy yi) (435353? 


(a, , a, , a3,) (a3; , Os: 33) 


Ee I F T I F 
(43) > a3) 2 a3) (G34 2 As4 uy 34) 


T I F T I F: 
(dy 2 Ayy 2 Ay) (yy 2 Ay, 7 yy) 


1<3 
T 1 OF (ee ee 
(Gidea “Garis Ga? 


a aes PT tk 
(Gp41By45451) (Bays Oq4> pq) 


T vs F T I F 
(3, 2. ay ?, a3) (33 2. a3; 2, a3;) 


T I F T I F 
(dy) 2 Ay, 2 Ay) (443 2 ay 2. 43) 


1<4 


F I F T I F 
(4)954)9, 49) ()34)354,3) 


T I F T I F 
(yy 2 Ay, 7, Ay) (453 2. Ay3 2 Ay3 ) 


a ae i en ee 
(3114515431) (Azqs 54s ay) 


Too LF T 1 OF 
(41> 4,544) (yy Bays Byy 


2<3 


T I F Ts I F 
(31,431,431) (33,033, A33 


T 1 OF T 1 OF 
(Gg gy Agy) (Aygo yz 43) 


(aca Kala ea) 


T 1 OF Poh n3F 
(Gy914y9Ayy)  (Aq41 Aq, Ay4) 


2<4 


I F 


"4 F T she OP Pid op Tal 
(1354343) (Aigo Qigs Qa) | — |€Q315 431431) (39 395 Ap 
PY oP en CO ee Po Se 
(p35 473593) (Ags Ay4s a4), 24 (gre Gare Gai) (n> Wyo» Qn 
using this method we can find the determinant of the given matrix 


(0.4,0.2,0.1) (0.6,0.7,0.8) (0.7,0.3,0.4) (0.6,0.7,0.8) 
(0.4,0.6,0.7) (0.3,0.2,0.1) (0.5,0.6,0.7) (0.4,0.3,0.2) 
(0.6,0.7,0.8) (0.8,0.9,0.3) (0.5,0.6,0.7) (0.6,0.7, 0.8) 
(0.9,0.5,0.3) (0.5,0.3,0.2) (0.5,0.6,0.7) (0.8,0.3, 0.9) 


Solution. 

(0.4, 0.2,0.1)(0.6, 0.7,0.8)| |(0.5, 0.6, 0.7)(0.6, 0.7, 0.8) 
(0.4, 0.6, 0.7)(0.3, 0.2, 0.1) Pee eae 
(0.4, 0.2, 0.1)0.7, 0.3, 0.4)| |(0.8, 0.9, 0.3)(0.6, 0.7, 0.8) 
eee (0.5, 0.3, 0.2)(0.8, 0.3, 0.9) 
(0.4, 0.2, 0.1)(0.6,0.7,0.8)| |(0.8, 0.9, 0.3)(0.5, 0.6, 0.7) 
(0.4,0.6,0.7)(0.4, 0.3, 0.2)| \(0.5,0.3, 0.2)(0.5, 0.6, 0.7) 
(0.6, 0.7, 0.8)(0.7, 0.3, 0.4)| |(0.6, 0.7, 0.8)0.6, 0.7, 0.8) 
(0.3,0.2,0.1)(0.5,0.6,0.7)| |(0.9,0.5,0.3)(0.8, 0.3, 0.9) F 
Reel rey arene 


i] | 


(0.3, 0.2, 0.1)(0.4, 0.3, 0.2)| (0.9, 0.5, 0.3)(0.5,0.6,0.7) 
(0.7,0.3,0.4)0.6,0.7,0.8)| |(0.6,0.7,0.8)(0.8, 0.9, 0.3) 
Reena Ree ee 
=[(0.3,0.2,0.1) v (0.4,0.6,0.8)][(0.5, 0.3, 0.9) v (0.5, 0.6, 0.8)] + 
[(0.4, 0.2,0.7) v (0.4, 0.3, 0.7) ][(0.8, 0.3, 0.9) v (0.5, 0.3, 0.8)] + 
[(0.4,0.2, 0.2) v (0.4, 0.6,0.8)][(0.5, 0.6, 0.7) v (0.5, 0.3, 0.7) ]+ 
[(0.5,0.6, 0.8) v (0.3, 0.2, 0.4) ][(0.6, 0.3, 0.9) v (0.6, 0.5.0.8) ] + 
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[ (0.4, 0.3, 0.8) v (0.3, 0.2, 0.8) ][(0.5, 0.6, 0.8) v (0.5, 0.5, 0.7)]+ 
[ (0.4, 0.3, 0.4) v (0.5, 0.6, 0.8) ][(0.5, 0.3, 0.8) v (0.8, 0.5, 0.3)] 


=[(0.4,0.6,0.1) v (0.5, 0.6,0.8)][(0.4, 0.3, 0.7) v (0.8, 0.3, 0.8)]+ 


[(0.4, 0.6, 0.2)(0.5,0.6,0.7)]+[(0.5, 0.6,0.4)(0.6, 0.5, 0.8)]+ 
[(0.4,0.3,0.8)(0.5, 0.6, 0.7)]+[(0.5, 0.6,0.4)(0.8, 0.5, 0.3)] 


=(0.4, 0.6, 0.8) + (0.4, 0.3, 0.8) + (0.4, 0.6, 0.7) + 
(0.5, 0.5, 0.8) + (0.4, 0.3, 0.8) + (0.5,0.5,0.4) _ 


det(A) = (0.5,0.6,0.4) 


4. Conclusion 
In this paper, we have studied properties of determinant and adjoint of fuzzy neutrosophic 
soft square matrices. 


14. 


15. 
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